J. Fluid Mech. (1978), vol. 89, part 2, pp. 343-355 343
Printed in Greal Britain

Small amplitude gasdynamic disturbances in
an exploding atmosphere

By J. F. CLARKE

Department of Aerodynamics, Cranfield Institute of Technology,
Bedford MK43 0AL, England

(Received 16 March 1978)

The propagation of disturbances through an atmosphere that is, in its undisturbed
condition, undergoing a spatially uniform chemical explosion is analysed on the
assumption that the disturbances are of small amplitude. When the latter are arbi-
trarily small, and therefore classifiable as acoustic, the progress of the ambient
explosion is undisturbed to first order and a rather complete history of the acoustic
waves (including weak shock waves) can be constructed. The generally amplifying
effect of the explosion on the disturbances, which has previously been identified at
wave heads, is found to occur throughout the disturbed domains.

When the disturbance amplitude becomes comparable to the ratio of the thermal
energy of the gas to the combustion-reaction activation energy, the ambient explosion
becomes involved in the disturbance to first order. For large activation energies a
small disturbance theory can be constructed to account for the disturbance behaviour;
at present it is limited to time intervals from initiation that are shorter than the
‘no-depletion’ homogeneous ignition time.

1. Introduction

Some previous work by the writer (Clarke 1977, 1978) has been aimed at an under-
standing of the interaction between compression or expansion waves and the homo-
geneously exploding atmosphere through which they are presumed to propagate. By
confining attention to the head of such disturbances it has been possible to draw some
useful conclusions in an analytical or near-analytical manner, with the sole assumption
that transport effects (mass diffusion, viscosity, heat conduction) are negligible.

If the complete disturbance, from its head to its tail, is presumed to be of limited
amplitude one can deploy the techniques of small disturbance theory and thereby
analyse the whole disturbed domain provided, once again, that transport effects are
negligible.

The following work deals first with arbitrarily small (acoustic) amplitude disturb-
ances, and then goes on to identify a not-so-small disturbance situation in which
amplitudes are comparable to an inverse (dimensionless) activation energy for the
combustion, or explosion, reaction. Some of the essential features of expansion and
compression (including shock) wave behaviour are discussed. The amplifying effect
of the explosion is a central feature of all phenomena.
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2. Conservation equations

The conservation equations governing the motion of plane, or purely time-dependent,
Pprocesses in a chemically reacting atmosphere can be written as follows:

P+ upy+puty = 0, (1)

U+ put,+p, = 0, (2)

c+uc,+# =0, (3)

{Pe+ (utar)po}  pa,{up+ (wtau}—92 = 0, (4a,b)

where one must take either upper signs, giving (4a), or lower signs, giving (4b). The
quantities p, p, u, ¢ and a; are, respectively, the pressure, density, gas velocity, fuel-
species mass fraction and frozen sound speed; the last quantity is given by

af =v/pBy, PBy = (9p/oD)f, s (5)

where 1y is the ratio of the frozen specific heats and g, is the frozen isothermal com-
pressibility (7' is the absolute temperature). The quantity q is

q= P(‘}’— 1) (af T)_l (ah/ac)p, P P“f = - (3P/3T)p,c: (6)
where b is the enthalpy of the mixture and a, is the frozen volume expansion coefficient.

Z is the rate of progress of a simple nth-order decomposition nF = P of n fuel molecules
F into the product species P, namely

R =nWQ[c"—(1—c—cp)d]. (7

W is the molecular weight of F, cj, is the (constant) mass fraction of an inert diluent
gas and Q and & are a chemical frequency and the equilibrium ‘constant’, respectively.
Equations (4a, b) make it clear that the characteristics of the equation system lie

along dojdt = u+a, (8a, b)

and that wavelets propagating with a local speed a, relative to the gas velocity u
therefore play an important part in transmitting disturbances through the mixture.

The following work will be entirely concerned with the propagation of small-
amplitude disturbances (although their nonlinear behaviour is to be emphasized)
superimposed upon a background ambient atmosphere undergoing a spatially homo-
geneous explosion. The special homogeneous-explosion versions of (1)-(4) have zero
values for all z derivatives, and are accordingly

U = uy(f) = 0, p = py(t) = constant = p,, (9a, b)
Pot—T0#e =0, cou+&y=0, (9¢, d)

where p = p,(t) and ¢ = ¢y(f); ¢, and &, are the relevant special values of ¢ and Z.
Clearly a; = a(t) in this ambient atmosphere, so that in the absence of any per-
turbations to the ambient state (84, b) reduce to

dx/dt = + ag(t) (10q)

and the related characteristic lines, or frozen wavelets, become

¢
xF f as(f)df = constant. (10b)
0
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In order to deal with those nonlinear effects, which arise from the difference between
the propagation speeds (8) and (10), it is therefore necessary to take as a new set of
independent variables the dimensionless pair (£, T') defined as follows:

1
an§=%gg<e){foam(ﬂdf—x}, (11)
T = Zg70)t, (12)

where a; is the initial value of a,y, namely a,,(0), and £, is a typical value of the rate
of progress of the chemical reaction. The dimensionless scale factors g, and g, are
functions of a small parameter ¢ that measures the magnitude of the gasdynamic
disturbance to the exploding atmosphere, and both are to be found in the course of the
analysis. An over-riding requirement for g, and g, can be quoted in the form

gr/ge = o(1) as €0, (13)

3. Approximate equations for acoustic-level distributions

The variables p, p, 4 and ¢ are assumed to vary from their ambient values by
arbitrarily small amounts; accordingly one can write

P(x,8) = po(t) +p; 07: g (€) PV(E, T), (14)
p(x,t) = pi{1+g,(€) p(E&, T}, (15)
o(@, t) = cot) +g.(€) cV(E, T), (16)
u(x,t) = as,9,(€) u®(E, T), (17)

where a;; is the value of the frozen sound speed in the spatially homogeneous atmo-
sphere at time zero. The frozen sound speed is also written as

ay(@,t) = an(t) +a7,9,(6) V€, T). (18)

The dimensionless gauge factors g,(e) (¥ = p, p, ¢, u, a) all depend upon a small
parameter ¢, to be defined more carefully later on, and are all o(1) in the limit as
€—>0. The dimensionless coefficient functions pV, p ete. are therefore only the first
approximations to the disturbances imposed upon the ambient exploding atmosphere
(the definitions in (14)-(18) would be quite general if p® etc. were shown to depend
upon the g, factors as well as on £ and T'). A solution is now sought for p® ete. in the
limit as e 0 with £ and 7' fixed; p® etc. and all of their derivatives with respect to
¢ and T are assumed to be O(1).
It readily follows from (1) and (2) that

and these equations integrate to give
afyp® = a}; pV = a T (20)

It is assumed that p®, p® and «® all vanish identically somewhere in the field (e.g.
for all x greater than some chosen value att = 0 = 7).
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The quantity I'; is defined by

_ _8_ _ 8(1, 2 aa,
oLy = [ap ‘P“f’] o S UtP (a—p)p,c“"‘f (a),,,; 1)

where s is the entropy of the mixture; the second version of (21) follows from the fact
that a%is also equal to (9p/dp),, .. Making use of (19), one can write

OrGa 0" = %) 9uP:i PP+ %y 9uP; 35 P + ay; Ao g, ¢, (22)
ap p,clo a_p prclo
where as; Ay = (0ay/ oc)p, plo-

It then follows by using (20) and (21) that
0r:9 0 = gu(Tpo—1) @y u® + ar; Do g, cP. (23)
'y, is the value of I'; in the ambient, but time-varying, atmosphere.
Now consider (4a) and observe from (9¢), (11) and (12) that it can be written in the
form
{95 210(P —Po) + 97 85 (P — Po)r — 9w+ ) (D — Po)g}

+ P, {Ge Ago U+ G Op Ugp — ge(u+ag) u}— (ap/R;) {qZ — 9o} = 0, (24)
since p, does not depend upon z. Making use of (14)—(18) and the results contained in
the subsequent equations, (24) reduces to

97 9.0P —9:9u Tr0u®p{d — g9, 9o Do VPP
+ap0:197 9, up — 9 /A ’“(D’“?) —GeGue s Do ”21)}
— (P10} Z;) HaR — 4o Ko} = 0. (25)
Only the most significant part of each term of (24) is retained in (25), on the basis of
the hypothesis that each of g, and g, and hence also g, is o(1).
At this stage it is appropriate to expand the difference ¢# — ¢, %, as follows:
IR~ 4o Ro = (F) 09 P %5: PV + (AR) 00 9P PP + (qR)e0 Go P + - (26)

where (q2),, is written for (9(¢Z#)/p),,. evaluated in the time-varying ambient
atmosphere, with comparable definitions for (¢2),,, and (¢2),,. With (20), (26) becomes

IR — Qoo =~ 9,03 053 Cpo Zy UV + (R 0 9 Vs (27)
where Ay = (qR)po + 76 qR) 0- (28)

The one equation that has not so far been examined in the light of the small-disturb-
ance idea is (3), which, in view of (9d) and the fact that ¢, does not depend upon z,
can be written in the form

(c—co)p +ulc—co), +Z—&, = 0. (29)

Using (14)-(17), and the relevant results that follow these equations, (29) can be
written as

99 Z; ago asi C?) +(R) po s Up; B0 9, 4V + () p0Pi Gy a0 9, UV + (#) 0 9.0V ~ 0. (30)

Once again only the most significant terms are displayed, based on g, = o(1) and
condition (13). Furthermore (%), etc. have comparable definitions to (¢%),, etc.
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The only way in which the rate of change of ¢ can be involved in a non-trivial way
with the propagating disturbance is for the product g, g;, which denotes the order of
magnitude of the first term in (30), to equal g, and/or g,. In the latter case g, = 1
and combination of (25) and (27) shows that the chemical-source terms, being then
O(g,), dominate the remaining terms, which are essentially o(g,) in the circumstances.
The presumption that all terms such as =, or p;(%),, are made O(1) on division by
Z; is implicit in the foregoing arguments, as it will be in the arguments that follow.
Furthermore q/p, a}; is properly assumed to be O(1). It is now evidently necessary for
ge 9¢ to equal g,; in addition the nonlinear gasdynamic behaviour can be preserved
only if g5 g, = g; g3, as is evident from (25). The chemical-source terms in (25) [see
(27)] are then of a comparable significance only if g; g% = g,. It follows that a consistent
and correct scaling for the present problem has

gr=1, g:=ga" g.=9gi=¢€ (31)

The value of g, = ¢, say, is fixed by the initial-value data.
The combination of (25), (27), (30) and (31) now gives the following pair of equations
for p©, 4@ and ¢®:

PP - | ’“mpél) +agazt {u(Tl) —Fy u(l)uél)} — Gy ai (A (A7) uD = 0, (32)
e+ ;G R H{(R) po + 070 () po} 4P = 0. (33)

The variations in the fuel mass fraction that are associated with the propagating
disturbance, namely €%, can be calculated from (33) once the associated velocity
perturbations ea,; " are known. Using (20) and (32), %V can be found by solving the
nonlinear equation

up — Ty u(nuél) + H(ar ager) — (Ao A7)} u® = 0, (34)

subject to suitable initial- or boundary-value data.

4. Solution for «®

With £ defined such that (0/0T)y = — T yqu® (35)

¢
(34) integrates to give a}}o u = F(f#)exp :%f oA o(f)df } (36)
0

(N.B. (12) and (31) show that T%;! = t.) With «4® regarded as a function of # and 7T
it is evident that F(f) is just the value of a}}o %™ when ¢ = 0. Writing this quantity as
al; uP(B) it follows that (36) gives

!
wD = 4B, T) = u&l)(ﬂ)a}}i aﬁ,‘} exp {—;—f szo(f)df}. (37)
0

Combination of (35) and (37) leads to the following relation between z, { and £, where
B is chosen to have the value —x when t = 0:

4 t I
[ a1t~z = p-eautp) [ Thoahaistexp (3 [ dratfar  9)
[{] 1] 1]

[(11) has been used, together with (31)].
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From (37), du®/dx at fixed ¢ is proportional to (duf? /98) B, where B, is written for
9p [ ox at fixed t. Equation (38), with (37), shows that

Bo=— {1 —eay; f: T uf(B, t’)dt'}—l, (39)

so that any compression wave, for which 4§’ > 0, must eventually lead to a shock
wave after a sufficient lapse of time since 8, must ultimately become unbounded.
When &7, is positive, as it certainly is for the case of a chemically irreversible explosion
reaction, for example (Clarke 1978), (37) indicates that |u,| is most likely to increase
rapidly from its initial value |u,,|; the small reduction due to the likely increase in ay,
with time is more than offset by the behaviour of the exponential.

Since, at a fixed time, o o 28

a—'x = €af,ta—ﬂ%
it follows from (37) and (39) that
—u abat exp (L [ 7 dt
3_u* U5 A5 Opg exp{2f0%dt}
= 7 .
o l—uil.,f0 F}oa?ia}a‘}exp {%J‘o .Modt} at’

With a few notational changes (40) is identical with the exact result obtained at a
wave head whose location is marked by a discontinuity in du/dx (Clarke 1977). It is
here extended to apply throughout the domain of the disturbance on the under-
standing that the latter is small (i.e. u/a,; = O(¢)) and provided that g, + 0. The
fitting of shock waves into domains for which the inequality is violated will be discussed
briefly below. Further limitations on the present results will also be described sub-
sequently.

It must be remarked in passing that the result displayed in equation (42) of the
1977 paper by the writer is unnecessarily complicated by the existence of a term

which appears there as ¢
(/o exp | [ A0
i

and which happens to be equal to unity!

(40)

5. Illustrative examples

The analysis leading to solutions like (37) and (38), for example, is of a fairly general
character, especially in so far as the reaction term & is concerned. It is now expedient
to choose a special form for # which is a close model of physico-chemical reality and
is also such as to make evaluation of terms like

1t » A
ol [, )

relatively simple. The model, already used by the writer for a similar purpose (Clarke
1978), makes ¢ in (7) zero and expresses the frequency Q as Zexp (—pE ,/p), where
Z is a constant pre-exponential factor and E , is the activation energy of the (now
irreversible) burning reaction. Coupled with the assumption that the specific-heat ratio
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y and the ‘energy of formation’ (dh/éc), , are both constant while o, =1 and
pB; = p/p, the combination of (5)—(7) leads to the result that

) g [ ] = (22 g [ D, (L))
(afo Plz lo 0 Pos P 2y pi Poi Po/)’ (1)

where p,; is the initial value py(0) of p,(t).

Observe that none of the foregoing results makes any demands about the size of
PE ,/p, although one may certainly demand that it is not negative; we shall find it
necessary to comment on the relative sizes of pE ,/p and ¢ later on. The geometric
shape or extent of the disturbance is strongly influenced by the integral of I';, times
the expression in (41), as can be seen by consulting (38). With constant y, I';, becomes
just 1(v + 1), so that one is then concerned with the value of I, where

v oA
I= J.aﬂa}o_éexp{ f .sz/odt}dt’ (42)

in the present circumstances. As shown previously (Clarke 1978), it is convenient to
calculate I /t,,,, where ¢, is called the ignition time, which in this case has the value

oh "1 Poi (e )_n -
b = lply—1)[= i m_ 1-n ) ) 43
1E€n l:pz(y ) (ac)p,p:l nW-WP.LEA (poi 1 pO-L exP (plEA/pOI) ( )
(Do, is the maximum, final, pressure in the homogeneous explosion).
The information contained in (38) can now be re-presented in the form

([ apott —2) = = —caritign v+ 1) 408 1 /1) (a4)

and I/t is plotted vs. t/t,, in figure 1 for various values of p, E ,/p,,. In fact it is
rather more convenient to plot (I —)/t,,, and figure 1 depicts this number as well as
the explosion pressure and the associated velocity-amplitude factor. The latter is just
the ratio »/u{ from (37), which has the specific form given in (41) in the present case.
The explosion pressure history has been calculated numerically from (9¢, ) with the
‘rate-function’ # as described above.

Figure 1 (b) shows that the magnitude of an initial disturbance is increased by the
homogeneous explosion, the extent of the amplification depending strongly upon the
initial relative activation energy p, E ,/po;- The asymptotic value of the amplification
is found by putting p, = p,,, in (41). On a given wavelet or characteristic £ is fixed
and its shape on an z, ¢ picture is given by (44). Figure 1(c) shows that I increases
more rapidly than ¢, which is the value of I when the system is chemically inert and
there is no change in the ambient state. In a wholly expansive disturbance, for which
u,(f) falls monotonically from zero at the wave head to some value u,(f,) < 0 at the
tail of the wave, it can be seen from (44) that the characteristics spread out more
rapidly than they would otherwise do in an inert atmosphere as a result of this
behaviour of I. This extra spreading-out of the simple expansion does not wholly
compensate for the amplification of the gas velocity and it can be inferred, from (40)
and the results in (44) and figures 1(b) and (c), that the ambient explosion processes
act to increase the local magnitude of both u and ou/ox. The head of the expansion
(B = 0, say) propagates with the time-varying speed a;,, while the tail, at f,, travels
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Ficure 1. (a) The pressure vs. time in a homogeneous explosion (constant-density process)
supported by a first-order chemically irreversible reaction for three values (5, 10 and 20) of the
dimensionless activation energy p; E4/py;. The full lines are derived from numerical integration
of (9¢, d) combined with (50) and to that extent illustrate the exact solution; the dotted lines
are from the no-depletion approximation (63). The ignition time #, is defined in (43). (b) The
velocity amplification factor »s. time according to the acoustic theory [see (37)]. (¢) The integral
I [defined in (42)] vs. time. I is an important factor in the shape of characteristics [see (44)] and
shock waves [see (49), for example] on an z, ¢ picture for acoustie disturbance amplitudes.

at the slower speed a,, + ea,; u{P(B,) dI /dt (remember that u{)) < 0). Since perturbations
to ambient values are essentially limited in scale to O(e) the tail of the wave must
still propagate in the + z direction for the present theory to be valid. It is interesting
to speculate on what may happen if ¢ is not limitingly small and dI/dt becomes very
large, as it will when p, £ ,/p,, is large. It is also interesting to observe that the gas
velocity behind (i.e. to the left of) the present isolated expansion must become more
negative with time through the agency of the explosion processes; if the expansion
is produced by a piston retreating into x < 0 then the piston must accelerate; if it
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does not do so and continues to travel at the velocity ea,, u{"(8,) there must be a
compensatory compression wave generated between the piston face and the expansion.
Such matters may be important for explosions taking place within confined spaces
whose volume changes with time.

This is perhaps an appropriate place to introduce the question of shock waves. It
has already been remarked that a compression will steepen as time proceeds, and that
the present solution will fail locally where £, becomes unbounded (see (39) et seq.). The
present model allows a more specific interpretation of the latter result, namely that
a shock will form on a characteristic f when

cap uY dy+ 1)1 = 1.

Since I > ¢ for all ¢ > 0 this condition must ultimately be met for any positive u,,
values.

If the local chemical time is long compared with the time of passage of an element
of gas through a conventional diffusion-resisted shock front it will be reasonable to
treat the latter as a Rankine~Hugoniot discontinuity across which the chemical
composition does not vary. Since the time of passage is measured in only a few mean
molecular collision intervals, even for weak waves, and chemical times are invariably
many such intervals, the assumption is evidently a good one and will be adopted here.
In view of the fact that the characteristics in the present problem have the form
given in (44), it is possible to take over the shock-fitting formulae derived by Whitham
(1974, p. 334, for example) and to locate the discontinuity where x = xz,, defined by

¢
f agodi —x, = fi; —ear uP(By) T§(y + 1) (45)
0
= Ba—eapuP(B) I3y +1), (46)
where f; and f,, the characteristics ahead of and behind the shock, are found from
B2
)+ uP BB, Ai) = 2 [ (e da (47)
As a simple example consider the initial state
= {1 for > 0,} (48)
0 for p<0.
Combination of (45)~(48) then shows that
¢
x, = f andi + Yea,(y +1) I(t). (49)
0

The gas velocity behind the shock at any time is given by (41) times ea,; in these
circumstances. Figures 1(b) and (c) illustrate how the shock wave described by (49)
is accelerated and strengthened by the ambient explosive atmosphere.

6. Not-so-small perturbations

There is a tacit assumption in the foregoing work that ¢ is small enough to make the
perturbation analysis valid. Some idea of the restrictions implied by the phrase
‘small enough’ can be understood in the light of the particular results given in the last
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section, but it is necessary to go back to the development of the difference ¢# — ¢, %,
as a Taylor series in (26) ef seq. to see the real limitation. As explained in the previous
section, the chemical frequency factor Q may well contain a term exp (—pE ,/p), so
that differentiation of # with respect to p or p will lead to the appearance of terms
proportional to (pE,/p)¥%#, where N is the number of differentiations. Evidently
a Taylor-series development such as (26) will be valid only if pE  ¢/p is very small
(indeed o(1) in the limit € - 0); in other words, when the basic disturbance amplitude
€ is as large as a typical value of p/p (such as py;/p,) divided by the activation energy
E 4, the analysis of § 3 breaks down. When p, E , ¢/p,; is O(1) as ¢ -0 the disturbance
imposed on the ambient atmosphere is large enough to interfere with the course of the
homogeneous explosion to a first-order extent; this happens as a consequence of the
extreme sensitivity of the reaction frequency Q to changes in temperature when the
activation energy is large.

Some progress towards a solution of this problem can be made by examining
perturbations from the initial, constant, values of the dependent variables in place
of the previous method, in §3, which examined perturbations from the ambient
time-varying field [see (14)-(18)]. The arguments used to develop the scalings are of
course very similar to those employed in § 3.

A specific form of #Z must be selected in this case, namely

R = nW Pexp{~ ppo/ep; p}c™, (50)
where € = po;/p; B 4. (51)

With the simplifying assumptions that a, does not depend upon ¢ while (8h/éc),, »
and y are constant, the analysis proceeds as follows. First write

P = Po;+6p; 07 P, (52)
p = pi+eppY, (53)
w = eay,u, (54)
¢ = ¢y(t) +€%W, (55)
where the quantities with supersecript (1) depend upon £ and 7', which are defined as
follows: ea £ = .@i(aﬁt—x), T = '@it' (56a, b)
AR, is defined by R, = q,; R, [ep, a?; = (¢;/p; a%;) nW Pe~Vee Ly, (56¢)
with q; = p(y — 1) (2h/2c)y,,- (56d)

Since (9¢, d) show that g;¢y; = Do — Po; When g, = constant = g¢,, comparison of (43)
and (56¢) shows that ~
( ) g?z = l/ytlgn' (57)

The foregoing variables, together with (1), (2) and the limit e—0 with £ and T
fixed, show that o0 WO, T, (58)

PV = u®E,T)+f(T), (89)
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where f(T') in (59) is evidently proportional to the perturbation to the initial pressure
that arises from the homogeneous explosion [cf. (14) and (20)]. With the aid of (58)
and (59), (4a) can now be reduced to the following nonlinear equation for »®:

2(0uv/oT), = exp{(y — 1) u® +yf}—fr, (60a)
(35/3T)ﬂ =— Ffi u® — 3yf. (60d)
Since f must obey the version of (60a) that has ™ = 0, (60a) can be integrated to give

oxp[—(y—1)u®] -1 = {exp[~ (y — 1) u((8)] - 1}exp {}(y - 1) f}, (61)

where f(0) = 0 by hypothesis; «{V(f) is the initial value of u®, so that (61) gives u®
as a function of the parameter 8 and of f. The latter is a function of 7' derived from
the elementary equation f, = exp (yf), namely

¥f=—-In(1—vT). (62)

From (56b) and (57) it can be seen that f->c0 as t —>{,,,; the latter is the estimate of
the ignition time based upon the (rather poor) assumption of no reactant depletion
(Co = €gs)-

Evidently f grows steadily with increasing 7'. Combining (59) and (62) with (51)
and (52) shows that the homogeneous-explosion pressure is given by

P = Poi {1 — (Pos/p: E o) In (1 —yT)} (63)

and this result is depicted in figure 1(a); it also serves to illustrate the failure of the
zero-depletion approximation as £->#,,.

The solution for «® must be completed by integrating (60b) to give the parameter
fas a function of £ and 7'. To this end (61) and (62) can be rewritten in the form

—(y—1)u® = In{l +(exp[—(y— 1) u{P]— 1) (1 —yT)~0- D2}, (64)

and it is evidently possible to proceed to the required result even if only via numerical
quadrature.

Equation (64) reveals two important results rather readily. First, if u{’(8) < 0 then
u®(B, T') grows more negative as 7' increases; the associated gasdynamic disturbance
is an expansion which is evidently amplified in intensity by its interaction with the
explosion; solution (64) breaks down only as yT' = ¢/t,,, -> 1. This result is in general
accord with the acoustic disturbance theory; only the detailed structure of the ex-
pansion will be different. Second, if u{V(8) > 0, signifying the presence of a compression,
solution (64) begins to fail, in the sense that 4 —oo0 as T - T, where

(1—yT)>-D/2 = 1 —exp [~ (v~ 1) uP(B)). (65)

This unbounded growth of «® can be construed as an indicator of the onset of local
explosion, with an accuracy comparable to that involved in theelementary no-depletion
model. If u)(B) = 1, 2, or 3 and y = 14, (65) shows that

(1—yT) = 1—t, [ty ~ 42x 104, 1-5x 10~2 or 81x 102,

The compression is evidently reducing the ‘time to ignition’ but not, it would appear,
in any very dramatic way according to the present theory, whose basic invalidity in
the vicinity of ¢, or¢,,, must be emphasized (see figure 1 (a), for example).



354 J. F. Clarke

It isimportant to observe that the portent of a localized rapid reaction which oceurs
as a consequence of a propagating compression wave, as roughly modelled in the
foregoing analysis, is a function of the velocity (or temperature) disturbance amplitude
and not of the rate at which «®(f) changes. It is the latter quantity, specifically
4, that governs the first appearance of a shock wave within a compression. After
some elementary but tedious integrations, etc., it can be shown that (6§/98) vanishes

when ety tsgn 8 (B) T (O (B), T) = 1, (664)
w—2V/=D :
exp[—(r— 1) i w

where JEy(y-}-l)exp[—(y—l)ug.l)]fvl 1l (66b)
L 1—{1—

v=(1- .},T)—<y—1)/27,

and, as in §4, # = —z when ¢ = 0. When u{} > 0, as it will be in a compression, (66a)
shows that in general a shock wave will form; to be sure it must do so before yT' = 1,
but that is simply a limitation on the present approximate theory and not on the
formation of the shock. It is interesting to observe that the time to shock formation
does now depend to some extent upon the value of u{"(8), in contrast to the acoustic
case in §4 (see (39) especially), but the role of u{}(f) is still paramount.

The present theory can really only hint at the manner in which contiguous locations
of explosive reactions and shock waves will evolve and interact. However, further
developments along the present lines hold out substantial hope for progress in the
understanding of these complex processes.

7. Conclusions

When the disturbance amplitude is very small it is possible to construct a complete
first approximation to the behaviour of simple waves which propagate at the local
frozen sound speed relative to a gas whose ambient state is changing with time. This
can be done for all times from the initiation of the explosion, through its intense-
reaction (explosive) phase and on to completion of the explosion. The growth of the
initial, imposed, spatially non-uniform disturbance follows a simple rule in such a
case, as witnessed by (37). The latter result is very general in respects other than that
of the acoustic level of the disturbances, since it can account for ambient reactions
that are either irreversibly explosive or initially in equilibrium. Principal interest is
in the explosive situation, and a few sample calculations illustrate how the ultimate
extent of the amplification is strongly dependent on the activation energy, and
therefore the temperature sensitivity, of the burning reaction. The two specific
examples of an initial expansion and an initial weak-shock compression of the explosive
gas show how the presence of solid surfaces may alter the development of the wave
in unexpected ways, although these are not worked out here.

If the disturbance amplitude is as large as the inverse of the dimensionless activation
energy the acoustic theory must be modified. The disturbance now exerts a first-order
influence on the progress of the explosion, via the temperature-sensitive reaction
frequency, and a nonlinearity from the chemical processes is fed into the disturbance
equations, which already contain the usual convective nonlinearities of a longitudinal
wave motion. When attention is confined to times for which reactant depletion is
negligible the resulting equations can still be solved analytically. The solutions exhibit
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the quantitative effects of amplitude, which affect the onset of rapid reaction, and of
rates of change of amplitude, which can affect shock formation, provided the time
does not approach the (rather artificial) no-depletion ignition time too closely.
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